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In this paper the estimations of the solution and its derivative with respect to t of the
initial boundary value problem for the second order hyperbolic type equation in a domain
with non-smooth boundary are obtained. The question of smoothness of the generalized
solution of the investigated problem is also studied.
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1. Introduction
It is known that the theory of general boundary value problems for a hyperbolic equation or system of equations in a
cylindrical domain with smooth data has been developed sufficiently well. But many problems of mathematical physics are
reduced to hyperbolic type equations in a domain with a non-smooth boundary. For example, the system of equations of
gas dynamics is a nonlinear equation of hyperbolic type. However, the equation or system of equations of hyperbolic type
in a domain with non-smooth boundary has not been studied yet.
Some results in this direction have been obtained in [1–6], etc.
The novelty of the present paper is consideration of nonlinear hyperbolic equations in non-smooth domains. And we
suggested the methods for solving this problem.
Let QT be a domain in Rn+1 defined as QT = Ω × [0, T ], hereΩ is a domain in Rn with a boundary ∂Ω . We consider the
hyperbolic equation
utt −
n−
ij=1
d
dxj
(ai,j(x, t, u, ux))+
n−
i=1
∂
∂xi
(bi(x, t)u)+ b(x, t)u = f (x, t) (1)
with the initial and boundary conditions
u(x, 0) = 0, ut(x, 0) = 0, u(x, t)|∂Ω×[0,T ] = 0. (2)
Let W 12 (QT ) be the Sobolev space and we suppose that u(x, t) ∈ W 12 (QT ). Our main goal is to study the question of
smoothness of the generalized solution of problem (1), (2) in any domain with piecewise smooth boundary.
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We suppose that the following conditions are valid
ai,j(x, t, u, p) ∈ C1(QT ), (3)
(ai,j(x, t, u, p)− ai,j(x, t, u, q))(pi − qi) ≥ ν|p− q|2, (4)
for all p, q ∈ Rn, and ν a positive constant,∂ai,j(x, t, u, p)∂pj
 ≤ C0, ∂aij∂u
 ≤ C1, C0 <∞, C1 <∞ (5)
bi(x, t), b(x, t) are real and smooth functions in Q¯T = Ω¯ × [0, T ]. In addition to this
ai,j(x, t, u, p)ξiξj ≥ ν|ξ |2 (6)
for all p, ξ ∈ Rn.
Definition. The function u(x, t) ∈ W 12 (QT ) is called a generalized solution of problem (1), (2) if the following integral
relation∫
QT

utϕt −
n−
i,j=1
aij(x, t, u, ux)ϕxj −
n−
i=1
bi(x, t)uϕxi + b(x, t)uϕ + f ϕ

dt = 0 (7)
is valid for all test functions ϕ(x, t) ∈ W 12 (QT ), such that ϕ|t=T = 0, ϕ

∂QT = 0 .
If the boundary is smooth, then for the solution of problem (1), (2) the following theorem is valid.
Theorem 1. Let f ∈ C∞, ∂Ω ⊂ C2 and ∂sf
∂ts

t=0
= 0, 0 ≤ s ≤ k − 1, in any neighborhood of the boundary ∂Ω . Then the
generalized solution u(x, t) of problem (1), (2) belonging to W k2 (QT ), k ≥ 3, and for the solution u(x, t) the following estimation
‖u(x, t)‖W k2 (QT ) ≤ C‖f ‖W k−12 (QT ) (8)
is valid.
This theorem is proved by using Galerkin’s method, with ideas from [7] and estimations from [8].
Let us note that this theorem is concretization of the known theorem of Ladyzhenskaja [7],when ∂
sf
∂ts

t=0
= 0 everywhere
inΩ (s = 0, 1, . . . , k− 1) is fulfilled. Therefore we did not show the full proof of this theorem.
Let us estimate the solution and its derivatives with respect to t in the norm W 12 (QT ). Since the domain Ω has a non-
smooth boundary we approximate the domainΩ by domainsΩε with the smooth boundary such thatΩε⊂Ω , ε > 0, ∂Ωε ∈
C∞, and limε→∞Ωε = Ω . Let Q Tε = Ωε × [0, T ], and let uε be a generalized solution of problem (1), (2) from W 12

Q Tε

in
domain Q Tε .
Let us show some auxiliary lemmas. Thenwewill give the scheme of their proofs. These proofs are standard and obvious.
Lemma 1. If f (x, t) ∈ C∞(Q T ), then the solution uε(x, t) satisfies the following estimation
‖uε (x, t)‖W12

Q Tε
 ≤ C1‖f ‖L2(Q Tε ) (9)
here C1 is any constant independent of ε.
Proof. If ∂
kf
∂tk
= 0 for any k > 0, then the function uε is the classical solution. Since uεt is the classical solution, we can
multiply both parts of the solution (1) by uεt and integrate on the domain Q Tε . Using the formula of integration by parts and
conditions (3)–(6) we get estimation (9). If the condition ∂
kf
∂tk
= 0 is not fulfilled for any k, we can consider the function for
any η defined as follows
fη =
f (x, t), t > η,0, t < η0, outside Q Tε .
If we denote the averaged function of fη with radius averaging
η
2 by gη(x, t), then the function gη(x, t) satisfies the
condition ∂
kgη
∂tk
= 0 for any k > 0. After substituting f on gη and turning η to zero we get the desired result. 
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Lemma 2. If f (x, t) ∈ C∞(Q T ), then the solution uε(x, t) satisfies the following estimation
‖uεt(x, t)‖W12

Q Tε
 ≤ c2 ‖f (x, t)‖L2(Q Tε ) + ‖ft‖L2(Q Tε ) (10)
here C2 is any constant which is independent of ε.
Proof. If ∂
kf
∂tk
= 0 for any k > 0 then the function uεt is the classical solution. Since uεt is the classical solution, we can
differentiate Eq. (1) with respect to t and multiply both parts by uεt and integrate on the domain Q Tε . Using the formula of
integration by parts and conditions (3)–(6) we get estimate (10). If the condition ∂
kf
∂tk
= 0 is not fulfilled for any kwe turn to
the averaged function. Further turning η to zero we get the desired result. 
Lemma 3. If f (x, t) ∈ L2(QT ), then problem (1), (2) has a generalized solution u(x, t) ∈ (QT ) and the following estimates are
valid with some constants C3, C4
‖u(x, t)‖W12 (QT ) ≤ C3 ‖f (x, t)‖L2(QT ) , (11)
‖ut(x, t)‖W12 (QT ) ≤ C4
‖f (x, t)‖L2(QT ) + ‖ft(x, t)‖L2(QT ) . (12)
Proof. If we consider the problem in domain Q Tε that the solution uε(x, t) satisfies inequalities (9), (10), then the sequence
uε(x, t) has a weak limit inW 12 (QT ) and, let for ε→ 0 the u0(x, t) is the weak limit of the sequence uε(x, t) inW 12 (QT ). The
function u0(x, t)will be a generalized solution of problem (1), (2) in Q¯T satisfying estimates (11), (12). 
Lemma 4. If f (x, t), ft(x, t) ∈ L2(QT ), then problem (1), (2) is a generalized solution u(x, t) ∈ W 12 (QT ) and the following
estimates are valid
‖u(x, t)‖W12 (QT ) ≤ C5 ‖f (x, t)‖L2(QT ) , (13)
‖ut(x, t)‖W12 (QT ) ≤ C6
‖f (x, t)‖L2(QT ) + ‖ft(x, t)‖L2(QT ) (14)
with some constants C5, C6.
Proof. Let fh be the averaged function of the left part of Eq. (1), and uh is the solution of Eq. (1) corresponding to fh. The
convergence of uh to u should appear from estimates (11), (12) and for u(x, t) the inequalities (13), (14) are valid. 
We denote the intersection of the cylinder QT with hyperplane t = const byΩt .
Lemma 5. Let f (x, t), ft(x, t) ∈ L2(QT ), then for almost everywhere t the generalized solution u(x, t) of the problem (1), (2)
satisfies the following equality∫
Ωt

n−
i,j=1
aij (x, t, u, ux) ψxj −
n−
i=1
bi (x, t) uψ − (f − utt) ψ

dx = 0 (15)
for any function ψ(x) from W˚ 12 (Ωt), here W˚
1
2 (Ωt) is the closing set functions from C
∞, of which the supports lay in Ωt in the
sense of the norm W 12 (Ωt).
Hence we get following
Corollary. The function u(x, t) almost everywhere t ∈ [0, T ] is the generalized solution from space W 12 (Ωt) of the elliptical
equation
−
n−
i,j=1
∂
∂xj
(ai,j(x, t, u, ux)uxi)+
n−
i=1
∂
∂xi
(bi(x, t)u)+ b(x, t)u = f (x, t)− utt (16)
in domain Ωt , subject to u|∂Ωt = 0. Assume that the boundary of domain Ω consists of intersection of two infinitely smooth
(n− 1)-dimensional hyper-surfaces along of some infinitely smooth (n− 2)-dimensional manifold α ∈ C∞ under nonzero angle
γ (p). Fix p ∈ α × [0, T ] and reduce the operator∑ni,j=1 ∂2∂xi∂xj to canonical form. Then the angle γ (p) turns to some angle ω(p).
It should be noted that the results carry a local character, that these are valid in the case when the ∂Ω consists of finite number
surfaces in C∞, in pairs intersecting along manifolds of the class C∞.
Note that at the neighborhood Up of the any point p of manifold S = α × [0, T ] it is possible to introduce a local system
of coordinates in the special form. If the neighborhood Up is small enough, then there is an infinitely differentiable transform
translating the domainΩ ∩Up to angle. Therefore, for the sake of generality it is possible to assume that at some neighborhood of
the point p the boundary surface is the form 0 <

x21 + x22 = r ≤ ∞, 0 < ϕ < β = const, here ϕ is a polar angle in the plane
(x1, x2), |xi| ≤ ∞, (i = 3, 4, . . . , n).
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Theorem 2. Let ω < π and f (x, t) , ft (x, t) ∈ L2 (QT ). Then u (x, t) ∈ W 22 (QT ) and the following inequality is valid
‖u (x, t)‖W22 (QT ) ≤ C7
‖f (x, t)‖L2(QT ) + ‖f1 (x, t)‖L2(QT ) . (17)
Proof. We rewrite Eq. (1) in the form
−
n−
i,j=1
∂
∂xj

aij (x, t, u, ux)
+ n−
i=1
∂
∂xj
(bi (x, t) u)+ b (x, t) u = f − utt = F . (18)
According to Lemma 4, ut (x, t) ∈ W˙ 12 (Qt). Therefore, utt (x, t) ∈ L2 (Qt). Since f (x, t) ∈ L2 (Qt), then F (x, t) also lies in
L2 (Qt). Denote the intersection of the cylinder Qt with t = const by ΩT . According to Fubini’s theorem F (x, t) ∈ L2 (Qt).
For almost everywhere t , and Lemma 5 we can claim that u (x, t) is the general solution of the elliptical Eq. (16) belonging
toW 12 (Ωt) for almost everywhere t . Taking into account that F ∈ L2 (Ωt), we can apply the theorem on smoothness of the
solution of Dirichlet’s problem for elliptical equation of the second order in a domain with non-smooth boundary, (see [9]).
When k = 0, α = 0 we get that u ∈ W 22 (Ωt) and the following estimate
‖u (x, t)‖2
W22 (Ωt )
≤ C7
‖F‖2L2(Ωt ) + ‖u‖2L2(Ωt ) ≤ C7 ‖f ‖2L2(Ωt ) + ‖utt‖2L2(Ωt ) + ‖u‖2L2(Ωt ) (19)
is valid.
Integrating both parts of Eq. (19) with respect to t on [0, T ] and taking into account (13), (14) we get u (x, t) ∈ W 22 (QT ),
and for u(x, t) inequality (17) is valid. 
Theorem 3. Let f (x, t) , ft (x, t) ∈ W 22 (QT ), and f (x, t) ≡ 0 in any neighborhood of set {t = 0, x ∈ ∂Ω} , ω < πk+1 . Then
u (x, t) ∈ W k+22 (Qt) and is a valid estimation
‖ut(x, t)‖W k+22 (QT ) ≤ C

‖f (x, t)‖W k2 (QT ) + ‖ft(x, t)‖W k2 (QT )

. (20)
Proof. For k = 0 this result should be from Theorem 2. In a general case, it is necessary to apply method induction
and use lemmas given above. Introduce the following notations x = (x1, x2), z = (x3, . . . , xn) = (z1, . . . , zn−2), dx =
(dx1, dx2), dz = (dz1, . . . , dzn−2), ∂∂x =

∂
∂x1
, ∂
∂x2

, ∂
∂z =

∂
∂z1
, ∂
∂z2
, . . . , ∂
∂zn−2

,W k2 (QT ) is the Sobolev space with norm
‖u‖W k2 (QT ) =
∫∫
QT
k−
s=0
 ∂ su∂ts0∂xs1∂zs2
2 dxdzdt
1/2
.
Let V˚ k2 (QT ) be a space of functions having generalized derivatives with respect to all variables until k order in QT with
norm
‖u‖V˚12 (QT ) =
∫∫
QT
k−
s=0
ρ2s−2k
 ∂ su∂ts0∂xs1∂zs2
2 dxdzdt
1/2
here, the function ρ(x, t) ∈ C∞(QT ) is positive everywhere, except manifold S and any neighborhood S coinciding with
r(x). 
Theorem 4. Assume that
∂ if (x, t, z)
∂t i1∂z i2
∈ V˚ k2 (QT ), 0 ≤ i ≤ l, f = 0
at some neighborhood of the set {(x, t), x ∈ ∂Ω, t = 0}, 0 ≤ ω ≤ 2π,ω ≠ π, k + 1 ≠ mπ
ω
, m > 0 are integers. Let for any
pair (m1, s1), (m2, s2), (mi > 0, si ≥ 0), be integers such that πmiω + si − k− 1 < 0 is fulfilled, and
πm1
ω
+ s1 ≠ πm2
ω
+ s2.
Then the generalized solution of problem (1), (2) is present in the form
σ(x, t)u(x, z, t) =
−
j
σ(x, z)r
mπ
ω +S lnq rKj(z, t)Φj(ϕ, z, t)+ σ(x, z)ν(x, z, t), (21)
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where σ(x, z) is an infinitely differentiable function, with supp σ(x, z) ⊂ Vp and the summation is introduced with respect to
multi-index J = (m, S, q, p) with mπ
ω
+ S < k + 1, 0 ≤ q ≤ q0(m, s), 0 < p ≤ p0(m, s), m > 0, s ≥ 0, (m, s, p, q) are
integer numbers. Here, q0(m, 0) = 0, p0(m, 0) = 1, and for all functions Kj (z, t) , ν(x, z, t) the following estimate is valid
l−1
j=0
 ∂ jKj∂t j1∂ j2 t
2
L2(QT )
+
l−1
j=0
k−2
i=0
r i−k−2 ∂ j+iKj∂t j1∂z j2∂xi
2
L2(QT )
≤ C10
l−
j=0
 ∂ jf∂t j1∂z j2
2
V˚ k2 (QT )
(22)
here,Ωp = (Ω∩Up)×[0, T ] , C10 is a constant which is dependent on domainΩT only and the functionsΠj(ϕ, z, t) are infinitely
differentiable with respect to all variables.
Proof. It is obvious that u(t, x) is the generalized solution of an elliptical type equation from spaceW 12 (Ω) almost to all t on
Ωt which is the intersection of the cylinder QT with hyperplane t = const. Taking into account the condition of the theorem
and applying the theorem of smoothness of the solution of Dirichlet’s problem for the second order elliptic equation in a
domain with non-smooth boundary [9], we get that u(t, x) ∈ C1,β(Ωt), 0 < β < 1. Using the suggested methods in [10]
we prove the desired results.
The analogous results for linear equations have been obtained in [11]. 
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